Abstract. We will obtain a formula for computing the Heegaard Floer homology (hat theory) of the three-manifold obtained by splicing two knot complements, from knot Floer homology of the two knots.
Introduction
Heegaard Floer homology, introduced by Ozsváth and Szabó in [OS1] , has been the source of powerful techniques for the study of objects in low dimensional topology. In particular, they have been providing us with knot and link invariants (see [OS3, Ras] ) which are able to capture very interesting properties of such objects to an extent beyond the initial expectations.
The Heegaard Floer homology of the three-manifold obtained by surgery on a knot in S 3 , may be described in terms of the knot Floer homology associated with it (see [OS5] ). Ozsváth and Szabó conclud, using this description, that if such a three-manifold has the Heegaard Floer homology of the standard sphere, it should in fact be homeomorphic to the standard sphere. It is then interesting to ask if this is true in general, that Heegaard Floer homology is capable to distinguish the standard sphere from other homology spheres.
We will address in this paper what happens when we have an incompressible torus in a three-manifold. We may use the incompressible torus to (uniquely) break down the given homology sphere into two new homology spheres. The decomposition will in fact determine a knot in each of these two homology spheres. A formula is obtained for the Heegaard Floer homology (hat theory) of the given three-manifold in terms of the knot Floer homology associated with these two knots. The precise formulas are given below.
Let Y ⊂ K denote a null-homologous knot inside a three-manifold Y . Let Y n = Y n (K) denote the result of n-surgery on K, and let K n ⊂ Y n be the knot in Y n which is the core of the neighborhood replaced for nd(K) ⊂ Y in forming Y n . The pair (Y n , K n ) is a rationally null-homologous knot, and we may associate a Heegaard Floer complex to it, as in [OS6] . Denote the homology group HFK(Y n , K n ; Z/2Z) by H n = H n (K). In particular, we know that H ∞ = HFK(Y, K; Z/2Z) and H 0 = HFL(Y, K; Z/2Z) are the knot Floer homology and longitude Floer homology of K, respectively (see [OS3, Ef1] ). Counting holomorphic triangles induces four maps φ, φ : H ∞ (K) → H 1 (K), and ψ, ψ : H 1 (K) → H 0 (K).
The notation is so that ψ•φ = ψ•φ = 0 (see section 3 for a more precise definition).. Let (Y 1 , K 1 ) and (Y 2 , K 2 ) be two given knots inside three-manifolds Y 1 and Y 2 and let φ i , φ i , ψ i and ψ i be the corresponding maps for K i , i = 1, 2. For simplicity assume that each Y i is a homology sphere. Let
The main result of this paper is the following gluing formula:
denote the following cube of maps 
where H * (M, d M ) denotes the homology of the cube M.
We will use the result of this paper, along with some technical conclusions which will appear in a number of sequals ( [Ef4, Ef5] ), to prove (see [Ef6] ) that if a prime homology sphere (i.e. a homology sphere which is not a non-trivial connected sum of two other three-manifolds) contains an incompressible torus, then its Heegaard Floer homology is non-trivial (i.e. different from the Heegaard Floer homology of S 3 ).
Several people, including the author, have been thinking about a formula for the Heegaard Floer homology of a three-manifold obtained by gluing three-manifolds along torus boundary. Lipshitz (see [Lip] ) has formulated a relative version of Heegaard Floer homology for bordered three-manioflds, and has a conjecture for the gluing result. In fact, the result of this paper is very closely related to his formulation, and the author believes that the approach used here should work in that setting, at least with coefficients in Z/2Z. An alternative way to think about these gluings, is by an interpretation of the three-manifold obtained by splicing the complements of K 1 and K 2 as the result of a −1-surgery on (K 1 ) 1 #(K 2 ) 1 . Here, (K) 1 is the knot obtained from a knot K as follows: Take out a tubular neighborhood of K and glue it back using a different framing such that the final manifold is the result of one-surgery on K. Then the core of this solid torus will determine the knot (K) 1 . Using the surgery results of [Ef3] one can then compute the quasiisomorphism type of CF ∞ (Y ). The advantage of this approach is that all versions of Heegaard Floer homology will be described. The disadvantage is that the actual computations are not really feasible. We should also mention the work of Hedden ( [Hed] ) on cabling, since the flavour of the construction is completely similar to the situation here.
We use the combinatorial description of Heegaard Floer homology by Sarkar and Wang ( [SW] ), which is also adapted for knots in S 3 in [MOS] , and in [MOST] . These combinatorial descriptions will help us avoid several technical issues that arise when one wants to glue holomorphic curves.
The author would like to thank Zoltán Szabó for his suggestions. In particular, it was his idea that the difficulties with gluing could disappear if the combinatorial approach of [SW] is used.
Heegaard diagrams for knot complements
In this section we will construct an explicit Heegaard diagram for the complement of a knot K is S 3 , which is closely related to the multi-pointed Heegaard diagrams used in [MOS] and [MOST] . Using the special properties of such diagrams, which allow us to compute all the differentials of the associated complex combinatorially, we prove a gluing formula for splicing two knot complements..
To start, fix a grid presentation of the knot K, as described in [MOS, MOST] . This will be a n × n grid together with 2n marked points, n of them labled X and n of them labled O. In each row there is precisely one X and one O, and similarly, in each column there is precisely one X and one O. The knot may be recovered by drawing vertical lines between the X and the O in each column, and a horizontal line segment between the X and the O in each row. We let the vertical line segment pass over the horizontal line segment at each intersection. A grid presentation for the trefoil is illustrated in figure 1.
This grid corresponds to a torus of genus one obtained by identifying the sides of the grid. the horizontal and vertical lines in the grid correspond to the α and β-curves in a Heegaard diagram of the sphere which is obtained from a Morse function with n maximums and n minimums on the sphere. Denote the horizontal lines by α = {α 1 , ..., α n } and the vertical lines by β = {β 1 , ..., β n } We would like to construct a Heegaard diagram (with two marked points, as in [OS3] ) for the knot complement, which is closely related to this grid. In order to do so, introduce 2n − 1 new one-handles as follows, to obtain a surface of genus 2n. There will be n horizontal handles, and n−1 vertical handles. Each horizontal handle corresponds to a horizontal line segment from one X to the O in the same row. The attaching circles will be placed at each one of the squares corresponding to the X and the O. The vertical handles are constructed similarly by attaching a handle to a (X,O) pair which corresponds to a column. We will do these attachments for all but one of the columns. Intuitively, we will think of the vertical handles as the handles passing above the surface, and of the horizontal handles as passing below the surface. A horizontal line segment joining the attaching circles of a horizontal handle may be completed to an α-curve. Denote these curves by γ = {γ 1 , ..., γ n }. Similarly, associated with the vertical handles we obtain δ 0 = {δ 1 , ..., δ n−1 }. We may choose these curves so that inside the grid square corresponding to a X or an O there are no intersections between the curves in γ and the curves in δ 0 .
The final surface of genus 2n, together with α ∪ γ and β ∪ δ 0 give a Heegaard diagram for the complement of the knot which may be completed to a Heegaard diagram, compatible with K, by adding a meridian for K. For this curve, we may take the attaching circle of one of the horizontal handles. We may also take a longitude of K and obtain a Heegaard diagram for the three-manifold obtained by an integral surgery on K. An example of such a curve is illustrated in figure 2 for the trefoil. As illustrated in the figure, we may assume, starting from any projection diagram for K, that the final longitude together with the meridian and α∪β∪γ ∪δ 0 partition the surface to several bi-gons and rectangles, a triangle, a pentagon and one complicated region. The corresponding longitude may be assumed to have any fixed framing, i.e. that this longitude, together with other curves, give a Heegaard diagram for Y n (K) (the three-manifold obtained from Y by n-surgery on K) for any fixed integer n ∈ Z. More precisely, note that introducing a zig-zag in the knot projection increases/decreases the framing by one.
We would like to refine this Heegaard diagram, along the lines of the discussion in [SW] and [Sar] , so that except for one region, every domain in the complements of z w Figure 2 . A Heegaard diagram for the trefoil, of the type introduced in the paper. The green curve is a meridian, and the red curve is a longitude.
the curves is either a bi-gon, a triangle or a rectangle (i.e. get rid of the pentagon!). To this end, and for some other technical resons that will become clear in later sections, we introduce a zig-zag, and stretch the meridian vertically, so that locally the picture is as shown in figure 3. Then one of the four quadrants at the unique intersection of the meridian µ and the longitude λ will belong to the complicated region, and the other three will be triangles. Each other domain is either a bi-gon or a rectangle.
It is shown in [SW, MOS] and [MOST] how to deal with the domains which have the property that their Euler measure is non-negative, and that if φ ∈ π 2 (x, y) is a homotopoy class of disks connecting x and y with the property that the domain D(φ) ⊂ Σ misses the regions with negative Euler measure, then the moduli space M(φ) will contribute to the differential if and only if D(φ) is geometrically either a bigon or a rectangle whose interior is dijoint from
where δ n is either µ or λ.
To simplify the notation, we abuse (re-use) the notation, and will denote the surface by Σ and the set of α-curves by α = {α 1 , ..., α g } (previously denoted by α ∪ γ), and the set of β curves by
which is completed by adding the meridian µ and the longitude λ. We put a marked point z in the bad (complecated) region. Using the language of [Lip] , this is a Heegaard diagram for the bordered three-manifold, whose underlying three-manifold is the knot complement, and the framing is given by the longitude λ. The boundary surface has genus one.
The associated complex and chain maps
We may construct a complex associated with this Heegaard diagram, which is essentially the complex introduced in [Lip] . This complex may be described in an easier way, since our choice of Heegaard diagram is especial. The generators are the tuples of points x = {x 1 , ..., x g } such that for a permutation σ : {1, ..., g} → {1, ..., g},
. The differentials will count the disks (here rectangles/bi-gones) that connect the intersection points, and their closures are disjoint from the intersection of µ and λ. Such disks will, in particular, be disjoint from the marked point z. As a result, the complex will break into two parts: the part M generated by those x such that x g ∈ µ, and the part L K Figure 3 . Introduce a zig-zag in K. Then correspondingly construct the Heegaard diagram. Using stabilization, get rid of some of the vertical handles. Then stretch the meridian vertically, to get a diagram with the blue curve a zero-framed longitude, and the green curve the meridian. The solid red curves are β ∪ δ 0 and the dotted curves are α ∪ γ. where x g ∈ λ. The differential will respect the decomposition. The homology of M computes the Knot Floer homology HFK(K), and the homology of the complex L will compute the longitude Floer homology HFL(K) (see [Ef1] for a definition). We would like to construct certain chain maps from M to L and vice versa. To this end, we will count the number of triangles with one vertex at the intersection of µ and λ, one side on λ, one side on µ and one side on one of the α-curves. More precisely, with coefficients in Z/2Z, define Φ : M → L as follows. Let Φ(x) = y n(x,
The map Φ corresponds to the (holomorphic) triangle map defined in Floer homology, since the holomorphic triangles with domains different from a union of triangles will have large Maslov index (see [Sar] ). It is thus a chain map, although seeing this directly and using the combinatorics of the diagram is also streight forward. There are in fact three triangles that will contribute to Φ! The local picture around O is illustrated in Similarly, define the map Ψ 1 : L → M to be the map which uses the quadrant around the intersection point O that corresponds to the triangle [W OA]. If a generator x for M appears in Ψ 1 (y), where y is a generator for L, then x i = y i , i = 1, ..., g − 1 and y g = W and x g = A. Define two other chain maps Ψ 2 , Ψ 3 : L → M where Ψ 2 correspond to the changes X → D and Y → E, and Ψ 3 is the map that changes W to D. We would like to formulate the structure of the two complexes M and L and the chain maps Φ, Ψ i , i = 1, 2, 3 between them in a relatively strange way, which will be useful later when we consider the gluings.
If the local picture near the intersection point O is the one shown in the figure 3 we would like to consider three honest Heegaard diagrams by taking the union of the curves in α and β 0 , and adding as the last curve one of the curves shown in the diagrams H = H ∞ , H 0 , and H 1 (see figures 5, 6).
Denote the extra curves by λ ∞ , λ 0 and λ 1 respectively. The curves λ 1 and λ 0 do not intersect any other curve outside the part shown in the picture. This may be done by travelling over the horizontal and vertical handles in the appropriate way. They are also parallel to each-other outside this region. The curve λ ∞ has two branches which travel over the handles. One branch will travel parallel to λ 1 and λ 0 . The other branch will travel parallel to the longitude λ of the knot K. One can easily see that H ∞ is a Heegaard diagram that gives HFK(K), that H 1 computes the knot Heegaard Floer homology of the knot (K) 1 obtained by 1-surgery on K in the sense of [Ef3] , and H 0 computes the longitude Floer homology, or equivalently, the Floer homology of the knot (K) 0 obtained by zero surgery on K. Each pair of these three curves intersect each-other exactly once. We may assume that this intersection happens in the part of the picture shown in figures 6.
Each Heegaard diagram determines a chain complex. We may either use the combinatorial description, or the holomorphic curve description to obtain these chain complexes which will be denoted by C ∞ , C 1 , and C 0 respectively. Consider the pair of curves λ 1 and λ 0 together with the marked points u, v and w from figure 6 (meaning that the disks are not allowed to go over these points). They determine a triangle map which is a chain map from C 1 to C 0 . We will denote this chain map by ψ : C 1 → C 0 (see [Sar] ). The mapping cone of ψ computes the Heegaard Floer homology of the knot K (see [OS5] ). In fact, it is easy to check, since all the domains are rectangles or bi-gons, that this mapping cone is a familiar chain complex: it may be identified with the complex M ! In a similar way, the chain complex L may be identified with the mapping cone of the chain map φ : C ∞ → C 1 determined by the pair of curves λ ∞ and λ 1 and the marked points u, t and w. Under these identification, the map Φ has a simple description; it is the map that takes C 1 in the mapping cone of ψ : C 1 → C 0 to the complex C 1 in the mapping cone of φ : C ∞ → C 1 via the identity map of C 1 .
If we change the marked points in the Heegaard triple associated with the pair λ ∞ , λ 1 , and consider the marked points u, v and w, we obtain a second map φ : C ∞ → C 1 which is also a chain map. The composition ψ • φ is easily seen to be zero from the diagram. Under the identification of the mapping cones with the complexes L and M , the map φ from C ∞ in L to C 1 in M is then identified with the triangle map Ψ 1 , which was discussed earlier.
Similarly, if we change the marked points in the Heegaard triple associated with the pair λ 1 , λ 0 , and consider the marked points s, v and w instead, we obtain a map ψ : C 1 → C 0 , which is a chain map. Again we have a relation ψ • φ = 0. We may also observe that the induced map from the copy of C 1 in L to the copy of C 0 in M is the same as the triangle map Ψ 2 . The map Ψ 3 will be obtained from the composition map
Before we finish this section and start our discussion of knots inside arbitrary homology spheres in the next section, we will make several small observations which will be used later. The result of our first lemma is already observed in the above discussion:
Lemma 3.1. For the maps φ, φ, ψ, and ψ defined as above, we have that will produce an exact sequence in homology, i.e. Ker(ψ * ) =Im(φ * ). Similarly, the sequence
induces an exact sequence in the level of homology.
Proof. Let us choose the marked points u, v and w in the Heegaard diagram for the quadruple (α,
The maps φ and ψ are the chain maps associated with the sub-triples (α, β 0 ∪ {λ ∞ }, β 0 ∪ {λ 1 }) and (α, β 0 ∪ {λ 1 }, β 0 ∪ {λ 0 }) of this quadruple, and count the triangles which do not go through u, v and w. The total contribution to the triangle map associated to the triple
is zero, since each of the two triangles which connect λ ∞ , λ 1 and λ 0 will contribute equally to the triangle map (non of them contains a marked point). Considering the different ways a rectangle may degenerates, and a typical gluing result (see/compare [OS1, OS3, OS5]) will imply the exactness.
For the other sequence, we first observe that ψ • φ is zero in the level of chain complexes. This implies that Im(φ * ) ⊂Ker(ψ * ). Now the isomorphisms Ker(ψ * ) ≃ Ker(ψ * ), and Im(φ * ) ≃ Im(φ * ) and the exactness for φ * and ψ * implies the exactness for φ * and ψ * .
Let H • denote the homology of the chain complex C • for • ∈ {∞, 1, 0}. If we choose a representative a ∈ C ∞ of a class [a] ∈ H ∞ which is in the kernel of the induced map φ * : H ∞ → H 1 , then in the level of chain complexes there exists some b ∈ C 1 such that φ(a) = db. We will have dψ(b) = ψ(db) = ψ(φ(a)) = 0, so ψ(b) represents a class in H 0 . If we replace b with another element b ′ = b+∆b, ∆b should be closed (i.e. it should represent an element in H 1 ). The difference ψ(b ′ ) − ψ(b) = ψ(∆b) is an element in Im(ψ * ) where ψ * is the induced map from H 1 to H 0 . Thus the class θ([a]) = [ψ(b)] ∈Coker(ψ * ) is well-defined. This provides us with a map θ :Ker(φ * ) →Coker(ψ * ). Similarly, we may define a map θ :Ker(φ * ) →Coker(ψ * ).
Lemma 3.3. The maps θ : Ker(φ * ) → Coker(ψ * ) and θ : Ker(φ * ) → Coker(ψ * ) are both zero.
Proof.
With our especial choice of Heegaard diagrams H ∞ , H 1 and H 0 , we may observe that φ(a) will be a linear combination of generators which use the intersection points x and y in H 1 (see figure 6) . If the differential of the complex H 1 takes b to such an expression, b should be the sum of a closed element ∆b ′ and an element of C 1 which is a linear combination of generators that contain the intersection points x and y (since it can not contain the point z). So, ψ(b) = ψ(∆b), which is zero in Coker(ψ * ). This implies that the map θ is zero. The proof of vanishing of θ is completely similar.
Knots in arbitrary homology spheres
Now assume that Y is a homology sphere and K is a knot inside Y . It is shown in [LMW] we may obtain a Heegaard diagram for the knot (Y, K) of the form
where µ is a meridian and λ is a longitude with arbitrary integer framing for K, which is nice. This means that the complement of the curves Σ − α − β is a union of regions which are bi-gons, triangles or rectangles, except for one bad region. The question is whether we can perform the procedure of previous section with such a diagram or not. The main problem is to construct a nice diagram which locally looks like the diagram in figure 3 . To construct such a diagram, it is just enough to note that the initial Heegaard diagram in the discussion of [LMW] may be assumed to be of the form illustrated on the left-hand-side of figure 7. In this diagram the green curve illustrates a part of the longitude λ and the red circle illustrates the meridian.
Instead of running the algorithm of [LMW] from there, we will start from a modification of this diagram which is shown on the left-hand-side of figure 7. Note that doing this, the framing coefficient of the longitude will increase by 2. Since the initial curve λ may be assumed to have any arbitrary integer framing, the same will be true for the final nice diagram. This final nice diagram will be of the form we need. From here on, we may follow the discussions of the previous two sections and consider the complex associated with an appropriate Heegaard diagram of (Y, K) as a union of the two mapping cones ψ : C 1 → C 0 and φ : C ∞ → C 1 (keeping φ and ψ for later purposes). The homology of the complex C • will give HFK(Y • (K), K • ) Furthermore, lemmas 3.1, 3.2 and 3.3 will stay valid for these maps. We are thus equipped with all the required tools for following our discussion. 
Gluing the knot complements
Given two Heegaard diagrams for the complements of the knots K 1 and K 2 , the author has constructed a Heegaard diagram for splicing the complements of these two knots in [Ef2] . Let
denote the Heegaard diagram for K i with Heegaard surface Σ i , and with µ i the meridian for K i and λ i a zero framed longitude for it which cuts µ i in a single point. Then the Heegaard diagram for the splicing is constructed as follows. Attach a one-handle to Σ 1 ∪ Σ 2 , with attaching circles at the intersections µ i ∩ λ i , i = 1, 2. Use four paralled segments on this one-handle to connect the four intersections of µ 1 ∪ λ 1 with one of the attaching circles to the four intersections of µ 2 ∪ λ 2 with the other attaching circle, so that intersection points on µ 1 are joined to the intersection points on λ 2 . The resulting Heegaard diagram will be a Heegaard diagram for the three-manifold obtained by splicing the two knot complements. If the initial Heegaard diagrams H i are of the type constructed in the previous two sections, the resulting Heegaard diagram H will have one bad region, and the rest of the regions are either bi-gons or rectangles. Thus the combinatorial procedure of [SW] may be used to compute its Heegaard Floer homology with Z/2Z coefficients (at least we can compute HF). For this, we should put the marked point in the bad region.
The domain of any disk which contributes to the differential is then an actual rectangle in the diagram, or a bi-gon. Such a disk may stay in one of Σ i , which means that it corresponds to a differential defined using H i on the complex M i ⊕L i , or it may intersect both Σ 1 and Σ 2 . Here the chain complexes M i and L i are constructed as described in the previous section, and are realized as the mapping cones of the maps φ i : C 
We can easily observe, by looking at the picture in a neighborhood of the onehandle, that only a few rectangles can intersect both Σ i and miss the marked point z (see figure 8) . Only rectangles, and not the bigons, have the chance to enter the one-handle. Because of the way the bad region (the region containing the marked point) enters the neighborhood of the one-handle, such rectangles stay in the neighborhood of the one-handle illustrated in figure 8. This observation helps us realize the contribution of such disks to the differential of the complex C: Under the identification of the generators, with the generators of M = M 1 ⊗ M 2 and L = L 1 ⊗ L 2 , such disks correspond to the maps:
, and
The direct sum M ⊕ L together with the maps Φ : M → L and Ψ i : L → M will give the structure of the chain complex C associated with the Heegaard diagram H.
In the remainder of this paper, we will use the description of the complexes M i and L i as cones associated with chain maps in order to understand the Floer homology of the three-manifold obtained by splicing the complements of the knots K 1 and K 2 . As described above, this is the homology of the complex C obtained The one−handle Figure 8 . The picture in a neighborhood of the one-handle. The shaded area denotes the one-handle. The blue curve denotes λ 1 #µ 2 and the green curve denotes µ 1 #λ 2 . The black circles denote that the region is part of the domain containing the marked point z.
